The concept of a rational extension of a Lie module is defined as in the associative case [l, pp. 81 and 79]. It then follows from [3, Theorem 2.3 ] that any Lie module possesses a maximal rational extension (a rational completion), unique up to isomorphism. If now L and K are Lie rings with LC K, we call K a (Lie) ring of quotients of L if K, considered as a Lie module over L, is a rational extension of the Lie module L . Although we do not know if L for every Lie ring L its rational completion can be given a Lie ring structure extending that of L (as is the case for associative rings), this is so, in any case, for abelian Lie rings (Propositions 2 and 4). We shall call the maximal rational extension of M its rational L completion.
Let R be an associative ring, Q(R) its complete (maximal) ring of quotients. Tewari has shown [5, p. 53] that every derivation of R has a unique extension to a derivation of Q(R). This implies that the Lie ring D(R) of all derivations of R can be faithfully embedded in the Lie ring D(Q(R)) of all derivations of Q(R). Since Q(R) is a ring of quotients of R, one may ask if D(Q(R)) is a (Lie) ring of quotients of D(R)
Remark. The proof of the above proposition could have been obtained directly, without invoking the corresponding result in the associative case and the isomorphism of the categories.
If R is an associative ring, the rational completion of R can R be given a ring structure faithfully extending that of R [ 1, p. 160]. We call this ring the complete or maximal ring of (right) quotients of R, and denote it by Q(R). For Lie rings we have only a partial result in this direction. First we prove LEMMA 1. Let L be an abelian Lie ring (ab = 0 for all a, b € L), M a trivial Lie L-module (xa = 0 for all x e M, a e L). L Then N is a trivial Lie L-module for any rational extension N of L L
1.
For the definitions of the basic concepts of "Lie module", Lie homomorphism", etc. see [2] or [3] ,
2.
To distinguish between the Lie and associative cases, we call a module M over th( R an associative module. a module M over the associative ring R (in the usual sense) R Proof. Let a be a fixed element of L and define a mapping f:N -N L by setting f( y) = ya (y e N). Then f(y 1 +y 2 ) = Hj ± ) + Uy^ (y , y € N), and f(yb) = (yb)a = (ya)b -y(ab) (by the condition for
Thus f is an L-homomorphism. Also f(x) = x.a = 0 for all x e M, hence M C ker f. Since M < N , it follows that im f = 0. That is, L L ya = 0 for all y e N. Since a € L is arbitrary, the result follows. PROPOSITION 2. Jf_ L is an abelian Lie ring, the rational completion N of L may be given a Lie ring structure faithfully L L extending that of L.
Proof. By the Lemma, the multiplication in N is trivial. We may thus extend the multiplication N X L -* {0} to NXN->{0}, Clearly N then becomes a Lie ring faithfully extending L.
Conjecture. Proposition 2 is not true for arbitrary Lie rings. That is, there exists a Lie ring L for which Q(L) cannot be given a Lie ring structure faithfully extending that of L.
The concept of a ring of quotients, however, can always be defined. Thus if L and K are Lie rings with L C_ K, then K is said to be a (right) ring of quotients of L if K is a rational L extension of L . Thus, if L is abelian, Q(L) is a ring of quotients L of L, called the maximal or complete ring of (right) quotients of L.
As a follow-up to the above conjecture, one may ask if the situation cannot be salvaged, in the following sense: does L always possess a "maximal" ring of quotients K, which may be smaller than the rational completion of L, but which is such that any ring of quotients of L is isomorphic to a unique subring of K? We shall now show that to determine the maximal ring of quotients Q(L) of an abelian Lie ring L, it suffices to determine the maximal rational extension of the additive group of L. To make this precise, let A be an abelian group (written additively). If we define multiplication in A by: xy = 0 for all x, y € A, then A becomes an abelian Lie ring. Denote this ring by L (A). If B is another abelian group and f:A-*-B a homomorphism, then f can also be regarded as a Lie ring homomorphism: L (A)-*-L (B), since f(xy) = f(0) = 0 = f(x)f(y) (x, y e L (A)). Thus, we have a mapping F from the category CL of abelian groups to the category J^ of abelian Lie rings (F(A) = L (A), F(f) = f), which is easily seen to be a functor. Conversely, if L is an abelian Lie ring, let (L, +) denote its additive group. If K is another abelian Lie ring and g:L-»*K a Lie ring homomorphism, then g is also (by restriction) a group homomorphism: (L, +)~>(K, +). The mapping G: 
Proof. Since Q(A) is a rational extension of A, F(Q(A)) is a rational extension of F(A) (Lemma 2). Also if K is any rational extension of F(A), then (also by Lemma 2) G(K) is a rational extension of GF(A) = A. Since Q(A) is the maximal rational extension of A, it follows that G(K) C Q(A), hence K = FG(K) C. F(Q(A)). Thus, F(Q(A)) is the maximal rational extension of F(
Remarks, (i) To be precise, one should use isomorphism in place of equality in the above; however, there is no loss in generality. Also the equality (isomorphism) Q(F(A)) = F(Q(A)), is by the above proof, that between F(A)-modules. But since Q(F(A)) and F(Q(A)) are abelian Lie rings (Proposition 2 for Q(F(A))), and hence are trivial F(A)-modules, the isomorphism can be extended to a ring isomorphism.
That is, to obtain the maximal ring of quotients Q(L) of an abelian Lie ring L, it suffices to find the maximal rational extension of its additive group.
(iii) If R is an associative ring, we associate with it a Lie ring C(R) whose additive group is that of R, with multiplication defined by the additive commutator: [a, b] = ab -ba (a,b e C(R)). This turns C(R) into a Lie ring. If R is commutative, then clearly
is the rational completion of Z as a ring, which is known to be the ring of rational numbers, while Q(Z ), the rational completion of the module Z , is the additive group of rationals; thus L (Q(Z )) = C(Q(Z)) ). Hence we have Q(C(Z)) = C(Q(Z)).
U

Z-i
In general it is not true that Q(C(R)) = C(Q(R)) for an arbitrary commutative ring R.
(iv) It may be noted that, in fact, every abelian Lie ring L is a subring of a ring of the form C(R), where R is an associative and commutative ring. Just let R = W(L), the universal enveloping ring of L. Then L is (isomorphic to) a subring of C(W(L)), and L abelian implies W(L) commutative (see, for example, [3, p. 32]).
2. Let R be an associative ring. A mapping d:R-»* R is called a derivation of R if
It is easily verified that the set D(R) of all derivations of R forms a Lie ring, with the usual addition of mappings and the commutator multiplication :
If R is an integral domain, then the rational completion Q(R) of R is just the field of quotients of R[l, p. 164}. That is Q(R) = {-: x, y e R, y j-0} , with the usual addition and multiplication .
It is then easily shown [6, p. 120 ] that any derivation d of R can be extended uniquely to a dérivation d of Q(R), namely:
The corresponding result for an arbitrary associative ring is due to Tewari.
THEOREM 1. Let R be an associative ring, Q(R) its complete ring of quotients. Then any derivation of R can be extended uniquely to a derivation of Q(R).
For the proof see [5, p. 53].
We shall now discuss some examples. First we note that if R is a ring with identity 1, and a a
Theorem 1 implies that the Lie ring D(R) of derivations of R is (isomorphic to) a subring of the Lie ring D(Q(R)) of derivations of Q(R). Since Q(R) is the maximal ring of quotients of R, one may ask if D(Q(R)) is the maximal (Lie) ring of quotients (or, at least, a ring of quotients) of D(R). That is, is D(Q(R)) = Q(D(R)), or, at least, D(Q(R)) CI Q(D(R))?
The former is clearly the case in examples 1 and 2 above, and it can be shown that at least the latter is true of example 3. We now proceed to discuss two results (Theorems Z and 3)> both of which generalize this special result in the case of example 3.
Thus, let R be an associative ring, and let d e D(R).
Given any r € R, one can define a mapping rd:R-»-R by setting (rd)(x) = rd(x) (X€ R).
LEMMA 3. If R is commutative then rd € D(R) for any r € R, d e D(R).
Proof. For any x, y e R clearly (rd)(x+y) = (rd)(x) + (rd)(y). Also (rd)(xy) = r(d(x)y + xd(y)) = rd(x)y + xrd(y) = (rd)(x)y + x(rd)(y).
A non-zero element of R is said to be regular if it is not a zero divisor.
Remark. If d e D(R) is such that d(R) contains a regular element, then R is commutative if and only if rd e D(R) for all r e R. This is easily verified.
We assume from now on that R is a commutative ring with identity 1. n n n rd+. .,+rd e D (Q(R)), which we shall always make without 11 n n n explicit mention). We now show that, with certain assumptions, D (Q(R)) is a (Lie) ring of quotients of D (R).
First, we recall that a submodule N of an R-module M is R R said to be dense if M is a rational extension of N . (An ideal I R R of R is dense if R is a rational extension of I" . ) If now E is a dense submodule of Q(R) then, for any q e Q(R), qE = 0 implies R q = 0. For, the mapping f:Q(R) -*-Q(R) given by f(q.V) = qq' is an R-homomorphism such that f(E) = 0, hence f(Q(R)) = 0. That is, qq' = 0 for all q ! e Q(R), hence q = 0 (since R has an identity). By a straightforward calculation we arrive at the following result for multiplication in D (R), which we set down for reference: if
similar formula holds for multiplication in D (Q(R)).
C* C* C* Cd (Lé Let now x be an arbitrary element of I. Then 
This gives the relation By relation (1), the first two terms disappear (since JC^ I, (1) holds with x e I replaced by y € J). We therefore get y 2 (q 3 d 1 (q') +q 4 d 2 (q , ))d 1 (q) = 0, for all q € Q(R). If we let t = (q^o" (q') + q ^ (q'))d (q) (keeping q fixed for the moment), then 2 y t = 0 for all y € J. If z is any other element of J, then also 2 2 2 2 z t = 0 and (y+z) t = 0. That is, y t + 2yzt + z t = 0, hence 2yzt = 0. By condition (i) of the theorem we now get yzt = 0. (It should be noted that since z is a regular element of R, it is also a regular element of Q(R), as can easily be shown» ) Since this holds for every y, z € J, hence JJt = J(Jt) = 0, so that Jt = 0, and finally t = 0. We thus have (2) (q 3 d 1 (q') +q 4 d 2 (q'))d i (q) = 0, for all q e Q(R).
By the same arguments as in the preceding paragraph, but now -2 -2 --using Od +y q'd in place of y q'd + Od (with relation (1') replacing (1)), we obtain The proof is similar to the finite case. We also note that 
